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v  ABSTRACT 

\n  this ' report  we  deal  with  new  concepts  for  determining  the  astro- 
geodetio  deflection  of  the  vertical,  in  the  sease  that  we  determine 
the  //and  deflection  components  ooapletely  independently  of  the 
knowledge  of  the  astronomic  coordinates,  latitude  and  longitude, 
henoe  reducing  the  time  aad  oost  of  field  work.  The  first  part  of 
this  paper  is  devoted  to  finding  a  relationship  between  the  deflec¬ 
tion  components  with  respect  to  a  star  or  stars  positions.  We  have 
found  that  the /  and  1}  components  are  related  to  either  the 
differenoe  between  the  astronomic  aad  geedetie  star  zenith  distanees; 
aalauths;  parallactic  angles ,  or  are  based  on  a  star  rate  of  ahange 
ia  azimuth  aad  zenith  distance  with-  respect  to  time.  Except  for  the 
last  one,  star  pairs  mist  be  considered.  In  the  second  part  of  this 
paper,  we  consider  a  method  that  deals  with  the  solution  for  the 
deflection  ooyponents  i  and  0  from  observation  of  star  pairs ,  as 
funotion  of  the  astronomic  and  geodetio  zenith  distances.  The  effect 
of  errors  in  evaluating  the  deflection  oonponenta  £  and  ff  as  well  as 
the  polar  migration,  are  considered .y  ' 

INTRODUCTION 

The  defleotion  of  the  vertical  at  a  point  is  the  angle  which  the 
physioal pnblino  at  this  point  makes  with  the  corresponding  normal  to 
the  ellipsoid. 

Consider,  figure  1,  a  sphere  of  a  unit  radius  with  its  center  at  the 
observation  station.  Let  Z  be  the  astronomical  zenith  and  Z_  be  the 
geodetic  zenith.  Let  S  be  the  point  on  the  sphere  where  the  line  of 
sight  to  a  star  Intersects  the  unit  sphere  at  a  certain  instant  of 
time. 
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Let  Z  and  be  the  smith  distance  of  tho  star  with  respact  to-  Z  and 
l  respectively.  The  point  of  correspondence  to  th«  direction  or  the 
north  pole,  which  has  the  seaith  distance  (90°-0)  and  (90°-B) ,  with 
respect  to  Z.  aad  Z  ;  t  aad  are  the  star's  hour  angles  with 
respect  to  the  astronomic  aad  gaodotio  aeridians  respectively.  P. 
and  p  ,  are  tha  star' a  parallactic  angles  with  respect  to  Zft  and  1 
respectively,  so  that  aeoordiag  figure  t: 


Z  S  Z  •  P  -  P 

a  g  rg  ra 

Let  Z.  T  be  an  arc  of  a  snail  eirele  at  which  S  is  the  pole, 
ST  »  S  Z_.  Sinoe  Z.  Z_  is  a  snail  oircle  of  arc,  we  stay  a 
Za  T  Z(  Is  a  plain  triangle,  with  a  right  angle  at  T.  Let 

y  ■  Z  -  H 

■•V 


then 
that 


Figure  1.  The  unit  sphere  illustrating  the  deflection  of  the 
vertical  with  respect  to  a  star  position. 


Let  •  be  tha  a«*le  between  tha  aatrenoaio  aad  geodetic  vertloals. 

gaaauac  •  is  snail,  ns  have: 

The  angle  Z,  3  Zf  is  also  snail,  so  we  have: 

Let  us  draw  tha  are  Z_  A  fron  1  perpendicular  to  the  astrenonio 
nsrldian.  he  than  hate 

1  Z#  •£-  the  oonponent  of  the  total  defleotion  of 
the*vertioal  along  the  aeridian. 

A  Z_  *  f|  -  the  oonponent  of  the  total  deflection  of 
the*vertioal  along  tho  priao  vortical. 

Zn  the  reotangular  spherical  triangle  APZ_  we  have  for  the  ^ 
aad  f)  deflection  oenponents: 


/Otn  n-c^b  ovn(t-z)  (2) 

oCn  q  iri  W  =  <xVr  5 
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(3) 


For  the  —oil  angles  ft  and  (t-U  wo  got 

A*(trZ)C*3* 

H*  * 

Lot  us  ooo  how  tbs  doflooti—  o— sonants  /  and  /?  ,  with  rospoct 
to  o  star  position ,  own  bo  dofiaod  Independently  of  astron— ie 
ooordinatea. 

A  Za  S  i s  the  star's  astronomic  asiauth,  and  KZ  A  ia  the  geodotlo 
asiauth.  The  aatroaoalo  asiauth  ia  represented°by  (Fig.  2) 

A*  q+Ux 


Figure  2.  Relationship  between  Aatronoaic  and  Geodetic  Asiauth. 


e 

and  the  geodotlo  asiauth  by 

®<  *  Wi  +  Wjl  » 

The  dlfferenoe  in  asiauth  oonslsts  of  two  parts 

A  -o(  r  ((/,-  U), )  +(Ux-  U4)  (6) 

of  these  two  porta  the  second  is  always  very  small.  Using  the 

equation 

BcmS  c  sertC&i  A+  sbnCcei  A  b 

•zsz.  *  v7 ) 

on  the spherical  triangle  Z  Z#  Z(  figure  1,  we  obtain: 

sir!  ( fj'  &)<*>£*  col  q  &n  i(Jr  Qim  U,  Ctf  V,  cr!  0 .  (8) 

By  treating  0  as  a— 11,  we  obtain 


o£r\{V^  Quit's  tUnlyi^Ui,)  (9) 

hence: 

W,-  (/<e  (trfm)C0ilH  (10) 

For  the  second  part  ((/r^d  we  — ke  a  quite  siailar  development,  with 
regard  to  the  spherical  triangle  Za  Z  P.  Taking  again  equation  (7), 
we  have  .  .  .  ,  *  t 


mm*  HUm^AAQO  iv  aiaoaokMiH 


and  henoe: 


( 12) 

-  n  tan**  A-(U, 4<^) 

Fro*  equation  (A)  we  have: 

^“<i|  “ 

hence 

\krK  -  (,t~c)wnE>,  03) 

Replacing  in  equation  (6)  the  value*  of  (W.  -  UJ  from  equation  (10) 
and  (U2  -  W2)  from  aquation  (13),  wa  obtain: 

A-*  =•  (P*-?,)  CffiZ  +  ^  *  (14) 

With  respect  to  the  Greenwich  aeridian  we  have  from  figure  2: 

t+A  -  C+  L  .  «5> 

Where  ,  L  are  the  astronomic  and  geodetic  longitudes  respectively 
taken  positive  to  the  west. 


It  follows  then  ..that: 

t-Z  -  (16) 

In  the  triangle  AZP,  we  have: 

AZ.(t-r)  c«  07) 

Substituting  in  equation  (1*1),  the  value  of  (  )  shown  in  equation 

(17),  we  obtain 

X-(x*cl ,-%)utz-n  ten  a.  <’«> 

This  equation  links  the  deflection  of  the  prime  vertical  component, 
to  the  aatronomio  and  geodetic  aslmuth  and  parallatic  angle  of  a  star 
position. 


Deflections  of  the  Tertloal  as  a.  Function  of  the  Absolute  Deflection 
of  the  Yertloal  6  and  Its  Astronomic  Azimuth  Og. 

We  determine  the  two  oomponents  and  H  of  the  deflection  of  the 
vertical  to  the  north  and  east,  from 

f9ec* a  i/a.  fi^eoU d7) 

ror  the  triangle  S  Zt  Zg  applying  the  trigonometrical  equation 

Otyaegj  *  a  tuhe.  cab -Ctrtc  <^nb  08) 
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■  v  *  * 


KltttXi  IN^fgMJAOO  iv  u  jjikjohh  ih 

.>>>,«  r-  .^7*  .*•  :*».%  *. 


»  ’  ■  ■  »  ■ 

•  M  I*1.  .  ,  7  .  %  , 


m  havs: 

A*  if 

Q*  U, 

tVSnOS,  it  follows 


<1*0 
e  *  £ 
a  »Z 


0  tr)  At  *  <o>n  Z.  art  Z  -  Z  ****  %  c*7  $  P 

By  treating  5 P  ss  nail,  we  obtain 

6  art  Ut  ^  Z-t 
<uriM,  =.  i-z.aU t'i'U, 


ban  os 

«*"!<= 

Froa  aquation  (4)  wa  obtain  y 

il-if 

froa  which  aquations  (17)  beooae 

fm  ecrJCA-U,) 
rim  ff  a*n (A-^J 

and  tbs  absoluts  dsflsotion  of  tbs  vortical 

/.  **«•<■ 

f[  is  derived  by  aquation  (15) 


ft  *  (  h  ~U)  C&i  & 


and.  •  froa.  aquation  (3) 


<*«  kz-if 

and  hanos  j  ^  _ ____ 

*  -  P^fo^zAk'ifcii  < 

Tbs  sign  to  bs  oonaidarsd  is  derived  froa  aquation  (23). 

If  tbs  dsflsotion.  ooapoosnt  \  is  derived  from  aquation  (16),  wa 
nay  obtain  tbs  daflaetion  ooapoosnt  ^  froa 
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Dofleotlona  of  the  Vertical  as  Function  Either  the  Astro  and  Geodetic 
tonlth  Dlatanooa  or  frarallaotlo  kml os.  • 

Fro*  equation  (23)  we  have  for  evaluating 

$C*l  ti  i  t*i  U,<na  A  +0  AUlU,  <3*Ul  A  (27) 

Fro*  figure  (2)  wo  got: 

szonZuriZ-  (28) 

Bocouao  (Pj  -  P#)  is  a*oii,  wo  omu*o 

tionco : 

Bert#,  s  ?-£  (29) 

and 

0  *inu,  =(%-&) 


Inserting  the  values  sbovm  in  equations  (29)  and  (30)  into  equation 
(27),  we  finally  obtain:  » 

For  the  deflection  oowponent  in  the  priae  vertical  we  have: 

0  amihc&iA-  B’&ai  (1, /xZ+t  A  (32) 

Substituting  in  this  equation  the  values  shown  in  equations  (29)  and 
(30),  we  get 

Hx  (Z-%)a**tA  +$-/•)  A  (33) 


This  equation  is  deducted  fro*  figure  (2).  Let  us  see  if  the  sign 
of  n  is  correct.  Fron  figure  (2)  we  have 


and 


H*  (t-U)  c+1  3 

6~r~  l-x 


henoe  equation  (33)  *uat  be  rewritten  as  follows: 

*  n  &  (£-Z)  a**.  A  titj-f*)  ***  Z<MA  (3t) 

Collecting  now  the  basic  equations  that  express  the  components  ^ 
and  ri  of  the  deflections  of  the  vertical  in  terns  of  the  astrononlc 
and  geodetlo  coordinates  of  a  star  position,  we  have 


fl  fa*  B  »  o<-A  +  Z  (18) 

£  ~  -  (X-Z)  CrtA  +  Ay)  si  A  (31) 

11  -  (2-Z)  +>  &ZviZC*lA  (34) 


iNjMpbiAOo  i  v  (jjjiujotM  m 


--  -  --  - 


-  A-.-  • 

--  -t  V-  A  -v 


Equation  08)  Bakes  possible  the  calculation  of  the  amount  of  the 
defleetion  component  in  the  priae  vertical  on  the  basis  of  the 
derived  astronomic  asiButh  and  parallactic  angle  (independent  of  the 
station  astronoale  coordinates)  and  the  calculation  of  the 
corresponding  values  in  reference  of  the  geodetic  system.  Equations 
(31)  and  (38)  evaluate  C  and  f}  as  function  of  zenith  distances, 
and  parallactic  angles,  we  can  ooabine  equations  (18),  (31)  and  (38) 
involving  the  knowledge  of  only  one  term,  either  (£-Z)  ,  (/y-4)  or 
C*-A).  Eliminating  (f-Z)  between  equations  (31)  and  (38),  we  obtain: 

^  oi  +  11  C+i  X  X.  (35) 

and  by  eliainating  (Pg  -  Pfc) ,  we  get: 

-  f  e+i  OC  +  n  X  s  /t-Z  (36) 

Because  of  the  saall  values  of  and  ,  it  makes  no  difference 
whether  the  astronoale  or  geodetic  azimuth  is  used.  To  obtain  £ 

and  rf  at  a  function  of  aziauth,  we  eliminate  (P  -  p  )  between 
equation  (35)  and  equation  (18),  thus  we  obtain: 

■f.  4  +  n(  t**.  5 fit**  Z  +0*3  A)*  (x  -A)  itU4.%  (37) 


FINDING  HI  ASTBOGEQDBTIC  DEFLECTION  OF  THE  VERTICAL 


We  shall  treat  exclusively  the  aethods  of  determining  the 
astrogeodetlo  deflection  of  the  vertical;  for  this  depends  only  upon 
the  actual  seleation  of  which  equation  aaoag  those  shown  in.  (18), 
(3D,  (38),  (35),  (36) ,  or  (37)  is  to  be  solved.  We  consider  in  this 
report  a  method  for  the  solution  that  deals  with  equation  (36): 

%-Z  x  ~  f  c*fo(  +  n  <* 

The  other  aethods  for  the  other  equations  shall  not  be  considered  in 
this  report.  It  shall  be  published  in  sequel  reports. 

FIRST  METHOD  -  DEFLECTION  OF  THE  VERTICAL  BT  EQUAL  ALTITUDES  OF 

STAR  FAIRS. 

Let.  the  altitude  or  zenith  distance  of  two  stars  of  known  coordinates 
be  observed  at  the  instant,  when  they  cross  the  intersection  of  the 
center  vertical  and  horizontal  lines.  Let  Z  be  the  constant  zenith 
distance  of  observation  of  an  individual  star's  pair;  L1  and  L-,  be 
the  horizontal,  soale  readings  and  let  T1  and  T?  be  the  respective 
tlae  of  observation.  The  tier  systea  is  synchronized  from  radio 
algnals  transmitted  by  a  well  known  tlae  service  station.  Stellar 
positions  oust  be  taken  froa  the  Four  Fundamental  Catalogue  (FK8). 

In  the  triangle  SjP^  applying  the  formula  of  cosine,  we  have: 

&FJ  3  x  A*n  £  <«de*  £.  c+d  fiCrjf 1  tri  (T 


7 
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(39 


where 

f»(T*-i;K  I +c)  -(**-*,) 

e  it  i  oonstaat  the  value  of  which  is: 

C  xO 

if  the  observation  time  is  regulated  to  sidereal  time,  and 

e  *  1.002737909 

when  aean  tiM  is  used. 

In  the  triangle  S^ZSg  using  the  formula  of  cosine  in  the  fora: 

IWfi  *  csifd+VO -on  C)  +  6nb.-QCttcic)  (to) 


and  since 


we  have 


%  z&i  5  s  2Z  (/- 


(41) 


hence 


C 03 


z  C41  S  -  i  l  +  LtrS  d) 


(42) 


I  -  C+1  A 


This  foraula  can  be  simplified.  Observing  that  we  can  put: 

2Z  ss  1-lWz 
S  s  2.-4 

,  c#J  A  *  i-Z  aln a 


we  get 


Z 


^  S 
-jjr  <4 


(43) 


(44) 


* 

which  is  the  required  foraula  for  coaputing  the  zenith  distance. 


imct  OF  SJUtORS  IN  EVALUATING'  Z 

To  discuss  the  effeot  of  errors  in  the  data  upon  the  zenith  distanoe 
by  observation  of  a  star  pair,  and  hence  also  the  conditions  most 
favorable  to  accuracy,  we  have  by  differentiating  equation  (53) 


aLZ 


,  CZ+t  z 

z  &hi{,A 


4  S 


/  t&M  Z 
z  tiUii  A 


(dU-JL,) 


(45) 


ds  - 


(dl-JT.) 


(46) 


From  aquations  (47)  and  (48),  we  obtain  by  differentiation, 

_  Jj  drj  St  <u*i  <T 

S 

froa  whioh  aquation  (54)  baooaas 

Jz-i  £f&  00 f'  <,7) 


This  aquation  shows  that,  in  order  to  reduce  the  effect  of  errors  on 
T^,  Tj,  Lj,  and  L~  as  auch  as  possible,  we  must  make  tan  V2  (L-  -  1 1 ) 
as  treat  as  possible,  and  hence  «  Lg  -  L^,  the  difference  of  the 
asiauth,  should  be  as  dose  to  180°,  and  with  not  large  zenith 
distanoe.  Furthermore,  the  first  tera  in  the  right  side  of  equation 
(56)  oan  be  reduced  by  choosing  one  star  to  the  north  with  large 
declination  and  asiauth  less  than  30°,  with  respect  to  the  meridian 
plane,  and  the  other  star  satisfying  the  condition  that, 

(Lt-L.)  -  fo*-A)>  /*'  4  no’ 

In  that  condition  we  have  that  the  great  circle  $  is  greater 
than  <T  ,  so  ainG/ovn  $  is  less> than  unity. 

Equation  (52)  allows  us  to  compute  the  zenith  distance  Z,  which  is  to 
be  used  in  equation  (36).  The  geodetic  zenith  distance  must  be 
computed.  Considering  its  evaluation.  Let  the  time  be  related  to 
the  Greenwich  mean  time  or  universal  time  (U-T). 

Let 

L  *  geodetic  longitude,  positive  toward  west 
B  x  geodetic  latitude 
®0  x  sidereal  tide  at  Or  U-T 
Z  3  star  geodetic  hour  angle 

s  right  ascension  and  declination  of  a  star 
x  star  geodetic  zenith  distance 


The  hour  angel  C  is  computed  from 

c  mi.aoj.737f(yflir  +  do-L«+L)  (48) 


and  the  zenith  distanoe  froa: 

-  M\  £  *  '34'H  ba**.  T  +  C*1  &  U1  £  (49) 

To  satisfy  equation  (36)  we  must  know  the  geodetic  azimuth,  which  is 
computed  froa 


_ -g _ 

Wvi  &  on  z -M3  5 


(50) 
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INFLUENCE  OF  THE  POLAR  MOTION 


The  astronomic  zenith  distance  Z,  as  computed  from  equation  (52), 
refers  to  the  instantaneous  vertical  position  while  the  geodetic 
vertioaL  refers  to  the  mean  position  at  the  date  of  the 
observation.  Hence  we  proceed  as  more  convenient  to  reduce  the 
geodetic  coordinates  to  the  instantaneous  pole  position.  The 
International  Latitude  Service  continuously  observes  the  variation  of 
latitude  at  several  stations  and  thus  determines  the  motion  of  the 
pole,  and  publishes  the  coordinates  of  the  instantaneous  pole  and 
date  for  correcting  observed  values.  The  geodetic  coordinates 
reduced  to  the  instantaneous  pole  position  at  the  date  of  field 
observations  is  accomplished  by  means  of  the  equations 

S  3  *  X  Ot)  L.  +  y  U 

Lc  =  L  +  Lyc*L  -  >  hr 

Here  we  take  longitude  positive  to  the  west.  Hence  B0  and  L  ,  are 
the  values  to  be  used  in  equations  (57),  58  and  (59),  to  compute  £ 
and  x •  The  term  containing  (latitude  of  Greenwich)  is  usually 
omitted. 


CONCLUSIONS  AND  RECOMMENDATIONS 

A  great  need  exists  for  the  determination  of  the  deflection  of  the 
vertical.  The  equations  presented  and  illustrated  in  this  paper  can 
be  advantageously  employed.  The  conclusions  to  be  drawn  are  the 
following: 

The  classical  method  of  determining  deflection  of  the  vertical 
components  are  in  terms  of  the  geographic  coordinates: 

f  -  4>-a 
n  -  (A-0  on  & 

Therefore  for  the  determination  of  the  deflection  of  the  vertical 
there  is  only  one  means,  that  is  the  comparison  of  astronomic  and 
geodetia  latitudes  and  longitudes. 


The  equations  we  have  derived  for  the  computation  of  the  deflection 
of  the  vertical  components  do  not  require  knowledge  of  the  astronomic 
coordinates  latitude  or  longitude,  hence  reducing  the  time  and  cost 
of  field  work.  Three  different  procedures  have  been  found  to  compute 
the  defleotion  components.  Equation  (35)  gives  the  components  as 
function  of  astronomio  and  geodetic  parallatic  angles.  These  angles 
can  be  obtained  by  observing  star- pairs  on  different,  arbitrarily 
chosen,  fixed  vertical  planes.  The  star  image  transit  times  over 
several  vertical  reticle  lines  are  to  be  reduced  to  the  central 
vertical  line.  For  further  details  see  reference  2. 
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Equation  (36)  gives  tbs  deflection  components  as  function  of  the 
astronomic  and  geodetic  star  zenith  distance.  4  method  for  the 
computation  of  the  absolute  zenith  distance  is  included  in  this 
report.  It  ean  also  be  derived  by  observing  a  set  of  stars  in  a 
fixed  almuoantar.  4  method  of  independent  equations  to  obtain  the 
alunoantar  zenith  distance  is  shorn  in  reference  3.  The 
determination  of  zenith  distance  by  this  method  is  less  prone  to 
observational  errors  than  it  Is  with  the  determination  of  latitude  or 
longitude.  Equation  (37)  gives  the  deflootion  components  as  function 
of  astrenonic  and  geodetic  azimuth.  Absolute  astronomic  azimuth  can 
be  computed  as  indicated  in  reference  4. 


REFERENCES 


1  B4LDINI,  A.  4.  (1983)  Applicability  of  Stellar  Rate  for 

Astronomic  Position  Determination. 
Presented  at  ACSM/ASP  Fall  Conven¬ 
tion,  Salt  Lake  City,  Utah. 

2  (1981)  Techniques  for  Improvement  of 

Astronomic  Positioning  in  the  Field. 
Presented  at  the  ACSM-ASP  Conven¬ 
tion,  Washington,  D.C. 

3  (1963)  Method  of  Independent  Equations  for 

Determining  Latitude,  Clock  Correc- 
tlon  and  Zenith  Distance.  Presented 
at  the  XIII  General  Assembly  of  the 
International  Union  of  Geodesy  and 
Geophysios,  Berkley ,  California. 

4  (1966).  New  Method  for  Determining  Azimuth 

and  Latitude  Independent  of  Time  and 
Zenith  Distance.  GIMRADA  Research 
Notes,  17  US  Army  Engineer,  Fort 
Bel voir,  VA. 


11 


MMjWXi  INJWNb  JAOD  XV  QAJOOOtt't  I't 


END 


I*; -v 


FILMED 


7-85 


DTIC 


.•  ••  V  V  .v\v 


VV. 


